Acoustic waves on elastic rods with circular cross section are governed by improved Boussinesq equations when transverse motion and nonlinearity in the elastic medium are taken into account. Solitary wave solutions to these equations have been found. The present paper treats the interaction between the solitary waves numerically. It is demonstrated that the waves behave almost like soiltons in agreement with the fact that the improved Boussinesq equations are nearly integrable. Thus three conservation theorems can be derived from the equations. A new subsonic ß quasibreather is found in the case of a cubic nonlinearity. The balance between dispersion and nonlinearity in the equation is investigated. PACS numbers: 43.25.Cb, 43.40.Cw 871 J. Acoust. Soc. Am. 76 (3), September 1984 0001-4966/84/090871-09500.80
INTRODUCTION
In recent years exact soliWn solutions to approximately 50 nonlinear partial differential equations (PDEs} or systems of PDEz have been found. Solitons are solitary waves, i.e., localized, nonsingular waves (like humps or kinks) which can propagate without changing their shape. In addition solitons retain their form after mutual interactidn. The existence of such stable solutions is due to a balance between dispersion and nonlinearity in the PDEs. Soilton solutions are also linked to the exact integrability of the PDEs, thus to the existence of infinitely many conservation theorems for the equations. The first conservation theorems may be interpreted physically, for example, a.s conservation of energy and momentum. The methods by which the exact soliton solutions have been obtained are essentially the Biicklund transformation, Hirota's method of bilinear differential operatom, and the inverse scattering transform. Nearly all known solitons are solutions to evolution equations in one spatial dimension. Among a number of recent monographs of the subject we mention the textbook by G. L. Lamb • and the survey edited by R. K. Bu!lough and P. I. Caudrey. 2 Most physical systems are modeled by nonlinear PDEs which are not exactly integrahie. However, some of the equations are what we shall denote nearly integrable. At present, we can only offer an approximate definition of this class of equations. First, the equation must possess solitary wave solutions as well as a finite number of conservation theorems. Second, the PDE must reduce to an exactly integrable equation in the small amplitude limit. Finally, a numerical treatment of the interaction between two solitary waves must show that the waves essentially retain their shape after the interaction. Thus only a small alnount of linear disturbance may be created as a result of the interaction.
In the present paper the propagation of acoustical waves on a circular elastic rod is investigated. Nariboli 3 first presented a detailed analysis of the boundary value problem for the cylindrical rod corresponding to vanishing surface stresses based on a consistent perturbation procedure. He uses a polynomial form of the elastic energy in the quadratic approximation and justifies the validity in the "snmll" am- The present paper is structured in the following manner: in Sec. I we derive the fourth-order PDE for the spatial derivative of the displacement along the rod from the La-grantJan for systems which include nonlinear terms up to fourth order in the elastic energy. • The reader may consult the references listed in the work •2 for the experimental determination of the corresponding elastic coefficients. Particular cases considered are the third-order case and the genuine fourth-order case with arbitrary signs of the elasticity coefficients. For the homogeneous rods the resulting PDEs for the strain reduce to IBE and MIBE, respectively. Conservation theorems for energy, momentum, and total displacement are found. 
Bogolubsky ? considered a modified version of the IBE

Section II presents the solitary wave solutions to IBE
where W x = a W/aXand Fis a nonlinear function. IfF ( W x ) may be expanded in the form of a Taylor series, Solitary wave solutions to the improved Boussinesq equations, modeling elastic rods with quadratic and cubic nonllnearities, have been investigated numerically. The waves turn out to behave almost like solitons, i.e., little linear radiation is created during their interaction. This result agrees withthe fact that the improved Boussinesq equations in the present model are almost integrable, i.e., they reduce to the integrable KdV and mKdV equations in the small amplitude limit. Inclusion of neglected higher order terms may reduce the integrability of the system. A new quasibreather solution is found in the cubic case. Disturbance of the balance between dispersion and nonlinearity is shown to give oscillatory or singular behavior of the waves.
